The author has written an interesting article on the relationship of confidence distribution and Bayesian posterior distribution. Confidence distribution has its origin from Fisher's fiducial distribution, and in this discussion we refer to it simply as the "confidence distribution approach." It allows frequentists to assign confidence intervals (or, more generally, confidence regions) to the outcome of estimation procedures.
The idea can be simply described as follows. Consider a statistical model with a family of distributions p θ (y), where y is the observation and θ is the model parameter. We assume that the observed y is generated according to a true parameter θ * which is unknown to the statistician. If we can find a realvalued quantity U (y; θ) that depends on θ and y such that for all θ, when y is generated from p θ (y), U (y; θ) is uniformly distributed in (0, 1), then we can estimate the confidence interval of θ given an observation y as the set I α,β (y) = {θ : U (y; θ) ∈ (α, β)} for some 0 ≤ α ≤ β ≤ 1. An interpretation of this confidence region is that no matter what is the true underlying θ * that generates y, the region I α,β (y) contains the true parameter θ * with probability β − α (when y is generated according to θ * ). Indeed, the above interpretation is a very natural definition of confidence region in the frequentist setting. It does not assume that θ * is generated according to any prior, and the interpretation holds universally true for all possible θ * in the model. This Science, 2011, Vol. 26, No. 3, 326-328 . This reprint differs from the original in pagination and typographic detail. interpretation can be compared to a confidence region from the Bayesian posterior calculation that assumes that θ * is generated according to a specific prior which has to be known to the statistician. If the statistician chooses the wrong prior, then the confidence region calculated from the Bayesian approach will be incorrect in that it may not contain the true parameter θ * with the correct probability.
The paper takes this interpretation of confidence region, and goes on to provide several examples showing that the Bayesian approach does not lead to correct confidence estimates for all θ * . The author then argued that the confidence distribution approach is the more "correct" method for obtaining confidence intervals and the Bayesian approach is just a quick and dirty approximation.
One question that needs to be addressed in the confidence distribution approach is how to construct a statistics U (y 0 ; θ) with the desired property. The author considered the quantity U (y 0 ; θ) = y≤y 0 p θ (y) dy, which is well-defined if the observation y is a realvalued number. This corresponds to the proposal in Fisher's fiducial distribution. The idea of fiducial distribution received a number of discussions throughout the years, and is known to be adequate for unconstrained location families (for which the fiducial confidence distribution matches the Bayesian confidence distribution using a flat prior). However, the general concept is controversial, and largely regarded as a major blunder by Fisher.
In this discussion article we will explain why the idea of confidence distribution with
has not received more attention for general statistical estimation problems, although it does give confidence region estimates that fit the frequentist intuition. 
SUBOPTIMALITY
The purpose of confidence distribution is to provide a confidence region that is consistent with the frequentist definition. However, one flaw of this approach is that the result it produces may not be optimal. While this issue was pointed out in the article, it was not explicitly discussed. In my opinion, this is the main reason why the idea of confidence distribution hasn't become more popular in statistics. Therefore, this section provides a more detailed discussion on this issue.
To understand this point, we shall first consider a simple illustration. Let U (y, θ) be a uniform random variable in (0, 1) that is independent of y and θ. By definition, given any θ * , the confidence region I α,β (y) = {θ : U (y; θ) ∈ (α, β)} contains θ * with probability β − α. Since this applies to the parameter that generates y, the confidence region obtained this way is consistent with the frequentist intuition of what a confidence region should mean. However, this estimate is not useful statistically because the method just randomly guesses either the entire domain of θ when U ∈ (α, β) or the empty region otherwise; the decision does not even depend on y.
While the above example is extreme, it does show that a confidence region merely consistent with the frequentist semantics is not necessarily a useful estimate. Statistically, this is because the confidence region obtained is suboptimal. In fact, this claim also applies to the confidence distribution approach this article considers. More specifically, for nonlinear problems that this paper focused on, the method can produce confidence regions that are quite suboptimal. By "optimal" (or even "good"), we mean that the confidence region a method produces should be small by some measure. In particular, if another method provides confidence regions that also fit in the frequentist semantics but is no larger on average for all θ and smaller for some θ, then it can be regarded as a better method. This corresponds to the notion of admissibility in decision theory.
Consider the following simple nonlinear location estimation model: y is generated either from N (0, σ 2 0 ) when θ = 0, or from N (1, σ 2 1 ) when θ = 1. There are only two possible positions θ = 0 or θ = 1 for the unknown location parameter θ, and we assume that the variance parameters σ 2 0 and σ 2 1 are known quantities that are not necessarily equal. Note that the restriction of θ to two positions is only for simplicity, which is not critical for our illustration-we can extend the example to allow all locations in R.
For this example, the confidence distribution approach gives the following U (y 0 , θ):
where Φ(z) denotes the cdf of the standard Gaussian N (0, 1).
Let's consider the confidence region I δ,1−δ (y) for some δ ∈ (0, 0.25), which we simplify as I(y). By definition, the estimated confidence region I(y) contains the position θ = 0 if and only if y ∈ Ω 0 with Ω 0 = (σ 0 Φ −1 (δ), −σ 0 Φ −1 (δ)), and I(y) contains the position θ = 1 if and only if y ∈ Ω 1 with Ω 1 = (1 + σ 1 Φ −1 (δ), 1 − σ 1 Φ −1 (δ)). For convenience, we also define
In order to show that the confidence distribution approach is suboptimal, we can, for simplicity, consider the case σ 0 ≫ 1 and σ 1 ≪ 1, so that 1 − σ 1 Φ −1 (δ) < −σ 0 Φ −1 (δ) and µ 0 < 2δ. The first condition implies that Ω 1 ⊂ Ω 0 . Therefore, when the parameter θ = 1, with probability 1 − P (y ∈ Ω 1 |θ = 1) = 1 − 2δ over y ∼ N (1, σ 2 1 ), we have y ∈ Ω 1 and, thus, |I(y)| = 2 [i.e., I(y) contains both θ = 0 and θ = 1]. Therefore, we have (note that we have assumed that δ < 0.25)
Moreover, we have
Now we would like to construct a better confidence region estimator by using the condition (which we made earlier) that P (y ∈ Ω 1 |θ = 0) = µ 0 < 2δ. Therefore, we can pick Ω ′ 0 such that Ω ′ 0 ∩ Ω 1 = ∅ and P (y ∈ Ω ′ 0 |θ = 0) = 1 − 2δ. This means that we can choose the following confidence region estimate I ′ (y): I ′ (y) contains the position θ = 0 if and only if y ∈ Ω ′ 0 and I ′ (y) contains the position θ = 1 if and only if y ∈ Ω 1 . This estimate obeys the frequentist definition because P (θ ∈ I ′ (y)|θ) = 1− 2δ both when θ = 0 and θ = 1. Moreover, we have E y|θ=0 |I ′ (y)| = 1 − 2δ + µ 0 , E y|θ=1 |I ′ (y)| ≤ 1.
The second inequality is due to the fact that |I ′ (y)| ≤ 1 for all y because Ω ′ 0 ∩Ω 1 = ∅. In comparison to (1),
